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Abstract

Using generating functions, we derive many identities involving balancing and
Lucas-balancing polynomials. By relating these polynomials to Chebyshev polyno-
mials of the first and second kind, and Fibonacci and Lucas numbers, we offer some
presumably new combinatorial identities involving these famous sequences.

1 Introduction and preliminaries

For any integer n > 0, the balancing polynomials (Bn(a:))n>0 and Lucas-balancing poly-

nomials (Cy,(x)) are defined by the same second-order homogeneous linear recurrence

n>0

Un(x) = 62Up—1(x) — Up_o(T), (1)

but with different initial terms By(x) = 0, Bi(x) = 1 and Cy(x) = 1, Cy(x) = 3z. These
polynomials have been introduced as a natural extension of the popular balancing and Lucas-

balancing numbers B, and C,,, respectively, which were firstly studied in [1]. Obviously,
B, = B,(1) and C,, = C,(1). Sequences (Bn) and (Cn) are indexed in the On-Line

n>0 n>0
Encyclopedia of Integer Sequences [16] (see entries A001109 and A001541, respectively).
The closed forms which are also called Binet’s formulas for balancing and Lucas-balancing

polynomials are given by
_ M) = AT ()
V02 -1

Co(a) = A" () + )\_"(:E)7 (2)

B, () B

where A(z) = 3z + v/92% — 1.
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For n > 1, the balancing and Lucas-balancing polynomials are given explicitly [13, 14]

B = 3 (" e aw =53 S (e

k=0

The first polynomials are

Bo(r) =0, Bi(x)=1, By(x)=6x, Bs(z)=362"-1,
By(z) = 2162° — 127,  Bs(z) = 12962 — 1082* + 1,

and

Co(z) =1, Ci(z) =3z, Cyx)=182>—-1, Cs(x)= 1082 — 9z,
Cy(z) = 6482" — 722° +1,  Cs(z) = 38882° — 5402° + 15z.

These polynomials have been studied extensively in different contexts and a variety of
interesting results about them have been uncovered [2, 3, 6, 8, 9, 11, 14]. For example, in
2], the first author established direct connections of the polynomials B,,(x) and C,,(z) with
Fibonacci numbers, Lucas numbers and Chebyshev and Legendre polynomials. By using
combinatorial methods, Meng derived some symmetry identities of the structural properties
of balancing numbers and balancing polynomials [11]. In [8, 9], the authors study sums of
finite products of balancing and Lucas-balancing polynomials and represent them in terms of
nine orthogonal polynomials. In [14], Ray studied the sequences obtained by differentiating
the balancing polynomials and presented some relations between the balancing polynomials
and their derivatives.

In the present study, we derive new identities for polynomials B,(z) and C,(x). Evalu-
ating these identities at specific points, we can also establish some interesting combinatorial
identities as special cases, especially those with Fibonacci and Lucas numbers. Our approach
is in the spirit of [4, 7].

2 Balancing polynomial relations using ordinary
generating functions

To establish our main results, we will find the ordinary (non-exponential) generating func-
tions for the sequences in question. We will make use of the following result [12] to compute
the ordinary generating functions for balancing, Lucas-balancing polynomials and their odd
(even) indexed companions.

Lemma 1. The second-order polynomial recurrence u,(xr) = pu,—1(x) + quu—o(z), n > 2,
p? +4q # 0, with initial terms uo(x) and ui(x) has generating function

Zu ()" = uo() + (ul(x) _puo(x))z

1—pz—qgz?



while for odd (even) indexed sequences

o ui(x) + (pquo(x) — qua(x))z
Zu2n+l($)z = 1 — (p2 + 2q)z _'_qug

)
n>0

ZW (2)2" = uo(x) + (uz(:c) — (p* + 2q)u0(a:))z.

1 — (p*+42q)z + ¢222

From the above lemma we obtain ordinary generating functions of the sequences B, (z),
By, 11(x), and Bs,(z) as follows

z
b =D Bul2)" = o,
(SL” Z) nz>0 (SL’)Z 1— 61z + 2 (3>
. 142
bl(:z, Z) = ZB2n+1(x)Z = 1— (36$2 _ 2)2 + z2’
n>0
6xz

ba(w,2) = ) Bun(@)2" = 1 (3622 — 2)2 + 22 )

In the similar manner, we conclude that ordinary generating functions of the sequences
Ch(x), Copyq(x) and Cy,(x) can be derived as

1—3zz

=Y Calw)e =,

(,7) ;% (x)2 1 —6xz+ 22

3r — 3z
ci(w,2) = Coppa(2)2" = : (5)

= 1 — (3622 —2)z + 22
B w1+ (1—1822)z

co(w, 2) = ;0 Cop(2)2" = (3627 — 21 2 (6)

We present our first findings in two theorems, which provide some relations between
balancing and Lucas-balancing polynomials using their respective ordinary generating func-
tions.

Theorem 2. Forn > 1, the following formulas hold

B, (z) —3xB,-1(z) = C,_1(x),
32 (Bans1(2) — Ban-1(7)) = Copyr(x) 4+ Copa (),
Boy(z) — (182% — 1) By(n—1) () = 62Co(—1) (), (7)
Bopi1(x) — (182 — 1) Bay_1(x) = Con(x) 4+ Cop—1)(2),
Bz(Bgn(:)s) — Bg(n_l)(l’)) = 62C%,_1(x).
Proof. All stated identities can be proved directly using Binet’s formulas (2). We present

a proof based on generating functions. We will prove formula (7); the others may also be
shown in a similar manner.



By (4) and (6), we obtain
(1— (182 — 1)z)ba(x, 2) = bzzea(x, 2).
Expanding both sides of the last equation as a power series in 2z, we then have
Z By, (x)2" — (1827 — 1 Z B, (x)2"th = 6:)32 Cop (z)2" !
n>0 n>0 n>0
or, equivalently,
ZB2n Z — 181’ —1 ZBin Z —61’202n1
n>1 n>1 n>1

Comparing the coefficients on both sides, we get (7). O

For convention, throughout this paper the empty sums are evaluated to 0.

Theorem 3. Forn > 1, the following formulas hold:

32(By(z) — By_i(z)) = Cop(2) — (362% — 62 — 2) Z_: By (2)Copn—iy—1(), (8)
k=1
By (z) — (182° — 1)B,_,(x) = Cotm-1)(x) — (3622 — 62 — 2) S By (2)Cotn—i—1y (),
k=1

Bopi1(x) — 3By, 1 () = Cp(z) + Criq () — (361’2 — 6x —2) Bopi1(2)Cr_p—1(x),
k=0

n—1

Byn(r) — 32 Bag1) () = 62C,_1(x) — (362% — 62 — 2) Y Bay(2)Crumpi ().
k=1
Proof. We prove only (8). Proceeding as in the proof of Theorem 2 above, using (3) and (5),
we deduce that
ze)(z,2) — 3x(1 — 2)b(z, 2) = (3622 — 62 — 2)2b(z, 2)cy (w0, 2).

Expanding both sides of the last equation as a power series in z yields

Z Cony1(2)2"™ — 32 Z B, (z)2" + 3z Z B, (z)2"!

n>0 n>0 n>0

= (362 — 61 — 2 ZZBk )Conry12"

n>0 k=0
Z Con_1(x)2" — 3x Z B, (z)z" + 3z Z B, 1(x)z
n>1 n>1 n>1
= (362> — 62 — 2 ZZBk )Cotniy—
n>1 k=0
Comparing the coefficients on both sides implies the stated formula. O
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3 Balancing relations using exponential generating
functions

In this section, we will use the structure of the exponential generating functions to prove our
results. In this case, we will use significantly the following lemma from [12].

Lemma 4. The recurrence of type u,(x) = puy,_1(x) + qun_o(x), n > 2, where p* + 4q # 0
and ug(z) and ui(x) are the initial terms, has the exponential generating function

P
n 622

D unle) g = (o) = Buo(@))e* — () — o)) 2),

n>0

while for odd and even indezed sequences

P2+2g
2t _e=” pa, e,
> s (@) 7 = —— ((us(e) = oun())e’s* = (us() = puo(a))e™F7),
= n! pA
n p2+2qz
2" ez 2a, _pA,
> )= = (ww—mmmz—mw—wmwzy
= n! pA
where A = \/p?> +4q, o = 7’+A, p=5= p= p7+2;1+pA; and o = p;”g_m.

From lemma above it can be shown fairly easily that the exponential generating functions
of the balancing polynomials and their odd (even) indexed companions are given by

n 3xz
=Y Bu(a) > = —————sinh (V2% — 12), 9)
n>0 G 922 —1
b* .CL’ Z ZB2n+1
n>0
6(18x2—1)z
= o <3x sinh (62v922 — 1z) + V92% — 1 cosh(6zv92% — 1 z)) : (10)

n 6(18322—1)2

by(z,2) =S an(x)% =

n>0

sinh (62v922 — 1z). (11)

922 — 1

In the similar manner, we obtain the exponential generating functions of the Lucas-
balancing polynomial sequences:

(z,2) = Z C’n(x)% = €% cosh (V922 — 12), (12)

n>0

ci(z, 2) E Consi(z

n>0

(1827 1)z <3x cosh(62v922 — 12) + \/Wi—lsinh(&m/m Z)) ; (13)



*

cy(x,z) = Z an(x)m = ¢(182°-1)2 cosh (62v922 — 1z). (14)

Next, we present some new relations between balancing and Lucas-balancing polynomials
involving binomial coefficients.

Theorem 5. Forn > 1, we have

Z@ (j/;%) n (Z) o Jg;il)lkck() (15)
kio <Z> MSE;; (9—:612)”"“;; 11( )B%H = 6z "0 Z)A(x 6x\(/%\)k( >02k+1(:17), (16)
3 () vy =503 (1) vt 09
"; Z> (6;;%1_13%1 ) k; <Z> - (621027 — 1 9:5: klA)k() o)
(1) A(ié;jgx#j’f 2 Bute) = () (éx%§k02k+l<x>,

where \(x) = 3z + /92? — 1.
Proof. We will prove (15). In view of (9) and (12), we have

V922 — 1cosh (V92?2 — 12) b*(z, z) = sinh (V922 — 12) ¢*(x, 2)

or, equivalently,

szn<x>;—fz<m>"<l+<—l>">i—T
- ZC Va1 - ()

n

Vo2 —1) > (Z) Bi(x)(vVor2 —1)" (1 + (1)) =

n!

Comparing the coefficients on both sides yields (15).
The formulas (16) and (17) follow from the relations

922 — 1 <3x cosh(62v92% — 1) + v/922 — 1sinh(62v/922 — 1)) bi(z, 2)
= (Bx cosh (62v922 — 1) — V922 — 1sinh (62v/922 — 1)) ci(x, 2)




and
V922 — 1 cosh (62v92? — 1) by(x, 2) = sinh (62v922 — 1) i(x, z),

that one can obtain from (10), (13) and (11), (14), respectively. The proof of the other
formulas is similar. O

In the next theorem we list a range of more advanced further relations for balancing and
Lucas-balancing polynomials that can be derived in a similar manner.

Theorem 6. Forn > 1, we have

Z (Z) (A@) + (~1)" A~ (2)) (&%) Bu(a)

-(M5) S (0o (i) o 08

) (14 (=1)"") (@LSL\/%) - By(z)

N (18;;79;1)”_1 k; (Z) (= (=07) <(18x2 - ffm)k@k(@’
k; Z) 1+ =0 ((18x2 - 13)$\/9x27—1 )H Farn(2)
= (18%;41)”_1 6xi <Z> (M) — (=1)" A (2)) <Bi§\‘j%)k0k(x),
(Z) (t+ (=1) ((18x2 . ffm)“ Pl

() M (oo () e

where \(z) = 3x + /922 — 1.

Proof. Formula (18) follows from the functional relation

M-
=

182% — 1
(3;5 cosh (621922 — 12) + v/92% — 1sinh (62922 — 12))b* (x MTz)
2 _ 2 _
_ Sinh((l&c 1) (/922 — 1)

3z

z) c(x, 2),

writing in terms of power series, and collecting terms.
The proof of the other formulas is similar. We omit the corresponding details. O



4 Chebyshev polynomial relations via balancing and
Lucas-balancing polynomials

As usual, Chebyshev polynomials (Tn (x))n>0 of the first kind and the Chebyshev polynomials
(U, (x))n>0 of the second kind can be defined by the recurrence [10]
Wy(z) = 22W—q(x) — Wya(x), n>2, (19)

but with different initial terms Ty(z) = 1, T1(x) = z and Up(z) = 1, Uy (x) = 2z.
Many properties of Chebyshev polynomials can be obtained immediately from the fol-
lowing relations initially observed by the first author in [2].

Lemma 7. Forn > 1, the following relations hold:
x

Bn<§> = U,_\(2), Cn<§) = Ty (2). (20)
Applying (20) to Theorems 2 and 3 yields the following Chebyshev polynomial relations.
Corollary 8. Forn > 1,

Ton1(z) — 2(20> — 2 — 1 ZUk () Ton—ak1(x) = 2(Un_1 () — Up_o(x)),

—_

Ton-o(z) —2(22° =2 — 1) Y Up—1(2)Topn—r—1) (%) = Un—1(z) — (22° — 1)U,,—2(),

1

3

e
I
—

n—

To(z) + Thoa(2) +222° — 2 — 1) Y Usp(@)Ty—p—1(2) = Usp(x) — 2Usn—1) (),

1

—
e
I

n—

21’Tn_1(l’) + 2(21’2 — T — 1) ng_l(l’)Tn_k_l(ZL') = Ugn_l(l’) — ZL’UQn_g(ZL').

e
I

By virtue of (20), from Theorems 5 and 6 we have the following summation formulas
involving Chebyshev polynomials and binomial coefficients.

Corollary 9. Let w(z) =z + Va2 — 1. Then for n > 1 the following relations hold:

§(2) Lt - () B )

k=1 e — 1) k=0

m(w@) — (=) w N (2)),

TN (1) om0 = 32 (1) e ),

> (1) (%jfgi_)l)k_l (w(o) + (=1~ @)
3]

Z) Topy1(2)



> (1)ointo) () e )

(2 =1\ (n "
< 2 2 kXZ%(’f)T%“(x)((w—jm) (1= (0"),

21 (7) ((2372 - 1)m>k (1= (=),

W(z) = Uan (ﬁ) give



5 Fibonacci-Lucas identities via balancing polynomial
relations

The balancing and Lucas-balancing polynomials are closely related to the Fibonacci and
Lucas numbers. Using this connection, in this section we obtain many Fibonacci-Lucas
identities.

Let F,, denote the n-th Fibonacci number and L,, the n-th Lucas number, both satisfying
the recurrence u,, = u,,_1 + u,_2,n > 2, but with the respective initial terms Fy =0, F; =1
and L(] = 2, L1 =1.

Lemma 11. Forn > 0, the following relations hold:

1\ 1\ Lo,

Proof. The first formula follows from (1) and the fact that sequence (F,),>o satisfies the
recurrence i, = 3U,_1 — Up_2, N > 2. The proof of the second formula is omitted. O

Using (21), from Theorems 2 and 3 we immediately can obtain the following summation
Fibonacci-Lucas identities.
Corollary 12. Forn > 1, we have
n—1
3Fy—1 = L2 —4 Z For L —ak—2,
k=1

n—1

2F5, 1 —5F5 9 = Lap—y — 4 Z For Lan—aj—a,
=1

n—1

2F 419 — 3Fy—9 = Loy + Lop_o + 4 Z FipioLlon_ok—2,
=0
n—1

2F 4y, — 3Fyy—4 = 3Lop_o + 2 Z FyLop—op—2.
=1

Next, by (21), from Theorem 5 and 6 we obtain Fibonacci-Lucas identities involving
binomial coefficients.

Corollary 13. Let a be the golden ratio, a = (1 ++/5)/2, and = (1 —/5)/2 = —1/a.
Forn > 1, we have

\/3; (Z) (%)k (1+ (1)) Fy = i (Z) (%)k (1= (=1)"") L,

\/5; (Z) <3i\/g>k (@ + (=1)" %) Fupyo = kz"% (Z) <3i\/g>k (0% = (=1)"7"3) L2,
\/3; (Z) (%)k (1+ (=1)" ") Fy = g) (Z) (B%)k (1= (=1)"") Lu,

10



SE ) = () () 0 e
) 0= () EO) 0
\/5 (1) (%) L+ 0 Faa = (3) z (1) (5 (0 (1)
FE Q)G £ ) ) - e

AR () (R) w2 ()

The next result relates balancing and Lucas-balancing polynomials to Fibonacci and
Lucas numbers [2].

Lemma 14. Forn > 0 and s > 1, the following hold:

€ F. € L
B, <_n Ls) =en ! Sn’ Cn <_n Ls) =&, S”’ 22

1, ifn is even,

where €, = { _

1, otherwise.
The following corollary is an immediate consequence of Theorems 2, 3 and (22).
Corollary 15. For n,m >0, we have

2Fn = FyLstn1) + LsFysn-1),
L (Fy@n+1) — (—1)°Fyn-1)) = Fas(Ls@nt1) + (=1)°Ly@n-1)),
2F55, — (L2 — (=1)°2) Fas(n-1) = FsLsLagin-1),
Ly (an - (_1)S€8Fs(n—1))

n—1
= (_1>85?+1F3Ls(2n—1) - (_1>8(5§L§m - 5sL2m - 2) Z 6?_kF’skLs(2n—2If—1)7
k=1
2F, — es(L3,, — (—1)°2) Fy(—1)
n—1
= (_1)85?+1F8L2s(n—1) + (Eng +esLs + 2) Z Eg_szkL%(n—k—l)a
k=1

11



Eg (2€5F5(2n+1) - Lst(Zn—l))

n—1

= I (EsLsn + Ls(n—l)) - (Eng +esLs + 2) Z 8]‘:1_713(2k+1)Ls(n—k—l)a
k=0

2Fg(2n+1) - (Li - (_1)82)F8(2n_1) = FS(Lgsn -+ (—1)SL28(H_1))7
€2 (2F5g — (=1)°esLsFog(—1))

n—1

= 53FsLsLs(n—1) - (EgLi + 5sLs + 2) 251§+1F2sk[/5(n—k—1)7
k=1
Fosn — (_1)SF2s(n—1) = FsLs(2n—1)-

Our last statement follows from Theorems 5, 6 and (22).

Corollary 16. Forn,s > 0, we have

V5 ; (Z) <€F>k(1 + (=1)"*) Fie = k; (Z) (@F) H(l = (1)) L,

g
. n—k

=" Z <Z> (%) (1= (=1)""™) Lias1)s,

)

() o

V5(2L,)" Y (”) (M> (14 (=1)"") Fiars1)s
k=0

I

b(
w3
1

k 2L
n n—~k
Saar S (1) (PR - et
k=0 s

12



where a = (14 +/5)/2 and 3 = (1 — \/5)/2.
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